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Abstract 
Let {HiL,.,,,. ,x be an isomorphic factorization of K,. If there is a permutation p on V(K.) such 
that /j’: V(H,)+ V(H,+ ,) is an isomorphism for i= 1,2, , k- 1, then a graph isomorphic to Hi is 
called a cyclically k-complementary graph. In this paper, some theorems are presented to prove the 
existence of cyclically k-complementary graphs. It will also give some characterizations of the said 
graphs and of their permutations. 
1. Introduction 
It is known that a simple graph G is self-complementary if G is isomorphic to its 
complement G. An isomorphism p: V(G)-+ V(G) can be represented as permutation 
on V(G) and such a permutation is called a complementing permutation of G. 
Motivated by these definitions, we introduce the following concepts: Let K, be 
a complete graph of order II. Let fHi}i= 1, 2,. , k be an isomorphic factorization of K, 
where k 3 2 and k divides i n(n - 1). A graph isomorphic to Hi is commonly called a k- 
complementary graph. If there is a permutation fi on V(K,) such that 
p: I’(Hi)+ V(Hi+ r) is an isomorphism for i= 1,2, . . . , k- 1, then a graph G of order 
n isomorphic to Hi is called a cyclically k-complementary graph. Let us denote it by 
G(k, n). We call the aforementioned permutation fl a k-complementing permutation of 
G(k, n). Actually, G(k, n) and a k-complementing permutation of G(k, n) are generaliz- 
ations of self-complementary graphs G and a complementing permutation of G, 
respectively. 
In Cl] they proved that there exists at least one isomorphic factorization of K, into 
k parts if and only if k divides $n(n - 1). However, these k-complementary graphs may 
not be cyclically k-complementary graphs such as II = 4 and k = 6. Clearly, G(k, n) is of 
size n(n - 1)/2k and G(2, n) is a self-complementary graph. 
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From here on, kin means ‘k divides n’ and we assume all the above notations and 
conditions. 
2. Existence of cyclically k-complementary graphs 
Let V(K,)= { 1,2,. . , n}. The following theorems will prove the existence of G(K, n) 
for all k that divides n and when n = kq + 1 where q and i q(kq + 1) are positive integers. 
Theorem 2.1. Zf kl n, then G(k, n) always exists. 
Proof. Consider a permutation /I= (1,2,3, . . . , n). We construct G(k, n) using /I. 
Let CO,C1,Cz ,..., Ck_i be distinct colors and [a, ~]EE(K,). For every 
i=O 12 2  ,...’ k- 1, let Ci be the color of edges [pi+sku, fl’“kb] for all s=O, 
1,2, . . , t - 1 where t = n/k. If [c, d] is an uncolored edge of K,, again the edges 
CP i+Skc, Bi+sk d] are colored Ci for all i and s. If n is odd, each uncolored edge generates 
n colored edges and if n is even, each generates IZ colored edges except an edge 
[i, i + f n] which generates f n colored edges. However, in this case, kl-l_ n since 
klf n(n - 1) and kin. In either case, we can repeat the procedure until all edges are 
colored. Apparently, the number of edges which are colored C,, is equal to the number 
of edges which are colored Ci for every i. Let Hj be a spanning subgraph of K, whose 
edges consists of those with color Cj- 1 for all j= 1,2, . . . , k. Obviously, Hi, Hz, . . . , Hk 
are edge-partitioned of K,. Also, this permutation p is clearly an isomorphism of Hi 
onto Hj+ 1 for every j = 1,2, . . . , k - 1. Putting G(k, n) = H 1, a cyclically k-complement- 
ary graph of order n with a k-complementing permutation p =(l, 2,3, . . . , n) exists 
whenever kin. 0 
Illustration 2.2. Suppose y1= 9 and k = 3. If /I = (1,2,3, . . . , 9), then E(Hi) = {[PC’- l)+sku, 
/?ci-1)+Skb](S=0,1,2} for all i=1,2,3 where [a,b]s are uncolored edges of Kg. If 
[a, b] = [l, 23, [3,5], [2,5], and [2,6], then the cyclically 3-complementary subgraphs 
of Kg are as shown in Fig. 1. 
Fig. 1. G(3,9). 
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Fig. 2. G(4,9). 
Theorem 2.3. Zf n= kq+ 1 where q and $q(kq- 1) are positive integers, then G(k, II) 
always exists. 
Proof. Consider 8=(1,2,3, . . . , kq)(n) and j?i =(1,2,3, . . . , kq). Using fii, G(k, kq) can 
be constructed by Theorem 2.1 since i q(kq - 1) is a positive integer. Let D1, D,, . . . , Dk 
be these spanning, isomorphic and edge-partitioned subgraphs of Kkq. For each 
i= 1,2, . . . , k, let E(Hi)=E(Di)u{[~~-1)+Sk~,n]~s=0,1,2,...,q-1) for some 
CE V(K,,). It can be easily verified that p: V(Hi)+ V(Hi+ 1) is an isomorphism for all i. 
Therefore, G(k, n) with a k-complementing permutation B exists. I7 
Illustration 2.4. Let n = 9 and k =4. If fi=(l, 2, 3, . . . , S)(9) and p1 =(l, 2,3, . . . , 8), then 
E(D~)~{[~~~‘~~SkU~~~~“~skb]~~=0,1}andE(Hi)=~[~~~“~“k~,9]~~=0,1}~E(Di), 
i = 1,2,3,4 where CE ( 1,2,3, . . , S}. If [a, 6]= [ 1,2], [4,6], [S, 83, [3,7], and c = 3, then 
the Hi’s are as shown in Fig. 2. 
3. Characterization of G(k, n) and its k-complementing permutations 
Ringel [2] and Sachs [3] proved that if p is a k-complementing permutation of 
G(2, n), then every cycle of length greater than one is a multiple of 4 and if there is 
a cycle of length one, it is unique. This and other results can be extended to 
k-complementing permutations of G(k, n). 
Remark 3.1. If p is a k-complementing permutation of G(k, n), then 
pi-’ : V(H,)+ V(Hi) is also an isomorphism for all i= 1,2, . . . , k. 
Lemma 3.2. Let /I be a k-complementing permutation of G(k, n). If [a, b]EE(HJ then 
[fiSka, PSkb]EE(Hi) for all nonnegative integers s. 
Proof. Since /? is a k-complementing permutation of G(k, n), [a, b] = [pi-‘c, /3-l d] 
for some [c, d]EE(H1). Hence, [Pka, p”b] = [/?‘(Pk-‘c), Pi(pk-‘d)] = [Pie, /Pf] for 
some [e,f]EE(Hk). Obviously, [Be, fif]EE(H1) for, otherwise, [e, f]EE(Hj- 1) where 
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j- 1 #k which is not possible. Hence, [pka, /?“b] =[P’-‘(be), fli-‘(/3f)]~E(Hi). By 
induction, [ Pska, Pskb]EE(Ifi) for all nonnegative integers s. 0 
Theorem 3.3. Let p be a k-complementing permutation of G(k, n). Then every cycle of 
f3 of length greater than one is a multiple of k. 
Proof. By hypothesis, there exists vertices a and b in a cycle of /I. By definition of 
G(k, n), [a, b]~~(Hi) for some i. Since b is a k-complementing permutation of G(k, n), 
there exists vertices c and d in the same cycle such that [pi-‘c, /I-‘d] = [a, b] where 
[c, d]EE(H,). By Lemma 3.2, [Pkc, /Ikd]EE(H1). Hence, [pi-‘c, fl’-‘d]EE(Hi) for all 
i=l,2,... , k. In fact, [psk+i-l~, bsk+i-l d]EE(Hi) for all i and for every nonnegative 
integer s. Hence, this cycle containing a and b is of length multiple of k. Therefore, the 
theorem is proved. 0 
Theorem 3.4. Let f3 be a k-complementing permutation of G(k, n). If p contains a cycle of 
length one, then this cycle is unique. 
Proof. If (a) and (b) are two cycles, then [a, b], [ /Ia, pb] EE(Hi) for some i. This is not 
possible since k B 2 and b is a k-complementing permutation of G(k, n). 0 
Theorem 3.5. Zf G(k, n) exists, then n =0 or 1 (mod k). 
Proof. Let p be a k-complementing permutation of G(k, n). By Theorem 3.3, every cycle 
of length greater than one is a multiple of k. By Theorem 3.4, if it has a cycle of length 
one, it is unique. Since /I is a permutation on V(G(k, n)), n ~0 or l(mod k). 0 
In the next lemma and theorems, we denote the degree of a vertex a in a graph 
G by &(a). 
Lemma 3.6. Let fi be a k-complementing permutation of G(k, n). Let al, a2, . . . , ak be 
successive vertices in a cycle of p. Then dni(ak)=dH,+, (al) for all i= 1,2, . . , k- 1. 
Proof. Let A, and AZ be the sets of all vertices adjacent to ak in Hi and a, in Hi+ i, 
respectively. Let f: Al -+A2 be a mapping defined by f(b) = fi(S-‘)k+ ’ b for every bE A, 
where the length of the said cycle in fi is sk by Theorem 3.3. Obviously, the image is 
unique and /I’“- ljk+ ’ beAz since if [ak, b]EE(Hi) then [+-l)k+lak, p(s-l)k+lb] 
= [al,f(b)]. Clearly, f is one to one. Suppose BEAM. Then [a,, u]EE(H,+ l). Thus, 
C~“-‘U~,~~-~.]=[~~,~~-~,]EE(H~). Hnece, flk-‘a~Al maps into aEA,. This im- 
plies that f is onto. Therefore, dn,(a,) =dn,+ ,(aI). 0 
Theorem 3.1. Let j3 be a k-complementing permutation of G(k, n). Then the sum of the 
degrees of k successive vertices in every cycle of f3 is n- 1. 
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Proof. Let a,, a2, . , ak be successive vertices in a cycle of 8. Obviously, 
dHl(aj)+dHz(aj)+ ‘.’ +dHk(aj)=n- 1 
for everyj=l,2,..., k. Then d,,(aj)=n- 1 -dHZ(aj)- ... -d,,(aj). Hence, 
5 d,,(aj)=kn-k- i 5 d,,(aj) 
j-l i=2 j=l 
k-l k 
=kn-k- 1 C dai(ai-l+s), 
s=O i=2 
where i - 1 + s is taken modulo k. Since p is a k-complementing permutation of G(k, n), 
wehavedH,(aj)=dHi+,(aj+r)foralli=2,3 ,..., k-l andj=1,2 ,..., k-l.ByLemma 
3.6, dH,(ak) = dH, + 1 (al) for all i. Hence, 
i dH,(ai-l)=(k-l)dHZ(al), 
i=2 
i dHi(ai)=(k-l)dHl(al), 
i=2 
and 
i d,,(ai_,+,)=(k-l)dH,~,+,(Ul) for all s=2,3,...,k-1. 
i=2 
Thus, 
i dHl(aj)=(nk-k)-(k-1) i d,,(al) 
j= 1 i=l 
=nk-k-(k-l)(n-l)=n-1. 
Since Hl E G(k, n), the theorem is proved. 0 
Theorem 3.8. 
Proof. Since 
r=(n- 1)/k. 
If G(k, n) is r-regular, then r = (n - 1)/k. 
G(k, n) has size n(n- 1)/2k, we have 2(n(n- 1)/2k)=m. Hence, 
0 
Let fi be a k-complementing permutation of G(k, n). A vertex a of G(k, n) is called 
aJixed uertex of/I if P(a)=a. Let us prove the following theorem. 
Theorem 3.9. Zf a k-complementing permutation of G(k, n) has fixed vertex a, then 
d G(k, I&) = (n - 1)/k. 
Proof. Let fi=f11fi2 . . . b*(a) be a k-complementing permutation of G(k, n). Suppose 
[a, b]~E(Hi) for some i = 1,2, . . . , k and vertex b. Then [a, b] = [a, /$- ’ c] for a vertex c 
in some cycle fij. Let Ilj be the length of cycle flj for every j = 1,2, . . . , r. By Theorem 3.3, 
nj = kqj for some integer qj. Hence, [a, fij i-“k”c]~E(Hi)foralliands=O,l,...,qj-l. 
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Obviously, it is true for every j, thus we have 
i qj=; jiI nj=y. 
j=l 
Therefore dGck, ,,,(a) =(n --1)/k. 0 
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